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An Experimental Investigation of Viscous

Heating in Some Simple Shear Flows

Theoretical investigations of viscous heating in the flow of fluids with
an exponential dependence of viscosity on temperature have shown that,

for a given shear stress, two shear rates are possible. Above a critical value,

the stress decreases as the shear rate increases.

The present work is an experimental study of this phenomenon in plane
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and circular Couette flows and in cylindrical Poiseuille low. Arochlor® 1260,

a high viscosity Newtonian fluid with an extremely sensitive viscosity-tem-
perature dependence is used as the test fluid. The results clearly show that
two shear rates for Couette flow exist for one measured wall shear stress.
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Because of the viscosity-pressure dependence of the fluid, the Poiseuille flow

results are inconclusive.

SCOPE

Rheologists have long been aware of the impossibility
of maintaining viscous flow without some dissipation of
mechanical energy into heat. For the past 50 years, in-
vestigators in many fields have attempted to estimate and
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measure the magnitude of the temperature rise due to
frictional heating and the effect this increased temperature
has on measured flow properties.

One of the most significant results of previous investiga-
tions is the existence of a maximum shear stress, below
which, for a given stress, the shear rate assumes two
values. At low fluid speeds, the stress increases because of
the increased shear rate. As the speed increases, the vis-
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cosity decrease due to frictional heating becomes sig-
nificant. Eventually, a speed is reached at which the stress
increase due to the increased shear rate is more than com-
pensated for by the stress decrease due to decreased vis-
cosity. The shear stress then starts to decrease.

The object of this study is to present experimental evi-
dence of the existence of a maximal shear stress in simple

viscometric flow of a Newtonian fluid. The existence of
this phenomenon has significance in virtually all polymer
processing, not only in rheological measurements. The
experiments were carried in three configurations, plane
Couette flow, circular Couette flow, and circular Poiseuille
flow using a Newtonian fluid exhibiting a very strong de-
pendence of viscosity upon temperature, Arochlor 1260.

CONCLUSIONS AND SIGNIFICANCE

Although the phendmenon of maximal stress in flow
with frictional heating has been proposed for several
years, this is the first known study in which it is measured
experimentally in viscometric flows. Plane Couette flow
of the Arochlor 1260, a polychlorinated biphenyl, was
conducted in the Portef-Manrique High Shear Viscometer.
The flow did exhibit the maximal shear stress, but the
data fell below the predicted curve. This discrepancy
could be readily accounted for by only a slight eccentricity
of the concentric cylinders. An equivalent experiment was

conducted in a Epprecht viscometer. The results indicate
excellent agreement with the predicted performance.
Finally, the Arochlor 1260 was processed in an Instron
Capillary Rheometer. Manifestation of the frictional heat-
ing phenomena was clearly apparent despite significant
compressibility effects.

The principal significance of this effort lies in the verifi-
cation of the maximal shear stress, but equally significant
were the observations which reinforce the importance of
accurate determination of the thermal behavior of viscom-
eter boundaries.

Viscous heating in simple shear flow of a Newtonian
liquid has been the subject of a large number of theoretical
investigations. These studies have established beyond
question the nature of the velocity and temperature pro-
files for these flows of a fluid with an exponential depend-
ence of viscosity upon temperature.

However, the large majority of papers mentioned in the
subsequent section contain no experimental data. Several
investigators noted the existence of a maximum shear stress
below which, for a given stress, the shear rate assumes two
values. Although this behavior, sketched qualitatively in
Figure 1, have been predicted, they have never been re-
ported as having been measured in the laboratory.

In this work, the literature germane to viscous heating
phenomena is reviewed and experimental evidence for the
shear stress maximum is presented.

HISTORICAL ACCOUNT OF PREVIOUS WORK

The earliest investigators of this problem dealt with heat
generation in lubricating films. Much of the earliest work
is quite significant. Kingsbury (1933) suggested a graphi-
cal procedure for determining the temperature rise and
shear stress in plane Couette flow with an arbitrary vis-
cosity-temperature dependence. Duncan (1934) refer-
enced an earlier work by Bratt (1927) in which the equa-
tions for the velocity and temperature profiles for a New-
tonian fluid with an exponential dependence of viscosity on
temperature were actually solved. This is a very surpris-
ing result, since many investigators attempted to solve
this problem, but no complete solution was reported until
the 1960’s. Duncan himself outlined several methods of
solution for the governing equation. However, he makes
no mention of the double-valued shear rate found by later
investigators. It is interesting to speculate whether or not
Bratt realized this feature of the solution and why the
publications committee to which he sent his work was
unconvinced and rejected the paper. Unfortunately, Bratt’s
and Duncan’s works séem to have been completely over-
looked. Solutions to those equations, attempts at solutions,
and solutions to much simpler problems have appeared
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many times since.

Although the viscosity of most fluids is extremely sensi-
tive to temperature, many workers believed that any real-
istic model for this dependence would lead to insoluble
equations. Hersey (1936) and Hersey and Zimmer (1937)
developed approximate formulae for estimating heat effects
in capillary flow. The latter work contained some experi-
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Fig. 1. The double-valued shear stress in flows with viscous heating.
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mental data which agreed reasonably well with the theory.

Nahme (1940), Philippoff (1942), Hagg (1944), and
Hausenblas (1950) attempted to determine the velocity
and temperature profiles of a Newtonian fluid with tem-
perature-dependent viscosity in Couette and Poiseuille
flows. Hausenblas solved the equations for a hyperbolic
dependence on temperature. Because of this assumption,
he did predict a limiting value of the shear stress but
could not observe its double-valued character. Nahme,
Philippoff, and Hagg assumed an exponential temperature
dependence. Nahme’s solution is incomplete, for he failed
to realize that two velocity and temperature profiles are
possible for a given shear stress. Philippoff, believing the
governing equations for Poiseuille flow to be insoluble,
presented approximate solutions. Only Hagg, whose work,
like Bratt’s dealt with heat effects in lubricating films, pre-
dicted that a maximum shear stress exists and that below
this value, the stress is double-valued in the shear rate. He
presents a plot of a dimensionless shear rate, now called
the Brinkman number, vs. a dimensionless shear stress,
which clearly shows the double-valued character of the
solution. Hagg performed some experiments on two low
viscosity lubricating oils, but the shear rates were too low
to observe the turnaround in stress. Hagg’s work has been
completely overlooked in the American literature, but un-
like Bratt and Duncan, many Russian investigators were
aware of his contribution.

An attempt to estimate the temperature rise in Couette
flow with an arbitrary viscosity-temperature relationship
was made by Weltmann and Kuhns (1952). Their work,
which contains many errors, involved a graphical solution
using the method of successive approximations.

One of the most significant advances came with the
work of Brinkman (1951). He presented rigorous solutions
for the temperature profile in capillary flow taking into ac-
count heat conduction, convection, and generation by dis-
sipation. Bird (1955) extended Brinkman’s solution to the
case of non-Newtonian fluids. Toor (1956, 1957) investi-
gated compressible fluids in capillary flow. These works
are all based on a temperature-independent viscosity. The
presence of the convection terms in the energy equation
makes similar calculations with a temperature-dependent
viscosity intractable when done by hand. Gee and Lyon
(1957) attempted one of the first computer solutions for
the velocity and temperature profiles of a non-Newtonian
compressible fluid with temperature-dependent physical
properties in tube flow.

Gorazdovskii and Regirer (1956) investigated the
Couette flow problem with a hyperbolic dependence for
viscosity. They concluded that a maximum shear stress
exists, as did Regirer (1958) in his work on plane Couette
flow with an arbitrary viscosity-temperature relationship.
They did not, however, realize that for a given wall shear
stress, two shear rates are possible,

This double-valued shear rate-shear stress behavior was
predicted by Bolen and Colwell (1958) and McKelvey
(1963, pp. 326-328) in their analyses of dispersive mixing
in fluids with an exponential viscosity-temperature de-
pendence. Such a result is important in this area of poly-
mer processing since the magnitude of the shear stress
developed is viewed as determining the quality of the re-
sulting mixture. These investigations provided theoretical
support for earlier experimental work by Jones and Snyder
(1951). These workers had performed mixing experiments
on a Banbury mixer and found that as they increased the
rotor speed at constant temperature the quality of mixing
increased, passed through a maximum, and then decreased.

Ball and Colwell (1960) arrived at a similar conclusion
in their computer study of the plane Poiseuille flow of a
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polymer melt. These are probably the first authors, with
the exception of Hagg, and possibly Bratt, to predict that
the stress decreased with increasing shear rate above a
critical value.

Since that time, the literature on viscous heating has
grown enormously, although not every investigator seemed
to realize that two velocity and temperature profiles may
exist at a given shear stress. Kearsley (1962) solved the
fully-developed tube flow problem with an exponential
dependence of viscosity upon temperature and recognized
this distinguishing feature. Kaganov (1963), however, in-
vestigated the same problem for an arbitrary viscosity-
temperature relationship and concluded a limiting pres-
sure gradient exists, making no mention of the double-
valued solutions. Aslanov (1963) examined Couette flow,
but failed to present a complete solution. Later, Kaganov
(1965) recognized there should be two solutions in Couette
flow, but he did not determine them.

In a series of papers, Gruntfest (1968, 1965a, 1965b),
Gruntfest, Young and Johnson (1964) and Gruntfest and
Becker (1965) contended that thermal feed-back con-
tributed in Jarge measure to the shear-thinning properties
of fluids. They solved the equations for time-dependent
Couette and Poiseuille flows of a Newtonian fluid with an
exponential dependence of viscosity on temperature on an
analog computer. These solutions do show the double-
valued behavior. Gruntfest (1965a) attributes the solution
of the equation for the steady plane flow problem to
Copple, Hartree, Porter, and Tyson (1939), who solved
it in their study of the electrical strength of dielectrics.
Brodnyan (1966) refuted many of Gruntfest’s contentions,
especially his implication that non-Newtonian flow be-
havior was largely an experimental artifact. Brodnyan did
agree that viscous heating could cause serious errors in
viscometry.

Bird and Turian (1962) were the first to investigate
viscous heating in a cone and plate viscometer. Assuming
constant viscosity and a small cone angle, they obtained an
approximate solution to the resulting partial differential
equation using variational techniques. Turian and Bird
(1963) solved the plane Couette flow problem with both
a series approximation for the temperature dependence and
an exponential viscosity-temperature dependence. They
did not, however, seem to realize that in the latter case
two solutions exist for one value of the wall shear stress.
They present some data obtained on a cone and plate
instrument which agree well with their theory at low
Brinkman numbers. The shear rates were too low to ob-
serve the stress maximum experimentally. Turian (19865,
1969) extended their analysis to power-law and Ellis
fluids in plane Couette flow. In the first paper, he used the
series approximation for temperature dependent thermal
conductivity and viscosity. An exponential dependence on
temperature for the zero-shear viscosity was employed in
the second paper. Turian obtained an analytical solution to
the equations and found that two solutions are possible
for a given shear stress. However, he believed that only
one solution would be observed physically.

An approximate method of accounting for viscous heat-
ing in capillary flow with an adiabatic wall, based on
neglecting the radial velocity components, was developed
by Gerrard and Philippoff (1965). Their data, taken for a
12 poise oil in a pressure-driven rheometer, agreed quite
well with the theory. These authors were perhaps the first
to point out that the adiabatic boundary condition is prob-
ably much better than the isothermal condition for most
capillary rheometers.

. Joseph (1964, 1965) solved the equations of conserva-
tion of momentum and energy for a variety of viscosity-
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temperature relationships in Couette and Poiseuille flows.
He reviewed much of the previous work and clarified
many incorrect conclusions regarding the stability of the
flow. He realized that a maximum stress exists but appar-
ently believed that solutions corresponding to shear rates
beyond the stress maximum were somehow not readily
realizable physically.

The Couette flows of a Newtonian fluid with an expo-
nential viscosity-temperature relationship were treated by
Bostandzhyan, Merzhanov, and Khudyaev (1965). A Bing-
ham plastic fluid in the same flow system was studied by
Ibragimov (1963). Both investigations indicated that two
solutions are possible for a given applied shear stress.

The capillary flow problem was once again studied by
Gerrard (1965, 1966), this time in conjunction with
Steidler and Appeldorn. They present computer solutions
along with experimental data for both the adiabatic and
isothermal wall problems. The fluid they used also showed
a viscosity-pressure dependence, which they accounted for
in their numerical solution.

Martin (1967) investigated the plane and circular
Couette flow and the Poiseuille flow of a power-law fluid
with an exponential dependence of viscosity on tempera-
ture. Martin presents complete solutions for all three flow
situations and for both adiabatic and isothermal boundary
conditions in the Couette flows. His plots of a parameter
which is the square root of the Brinkman number vs. di-
mensionless shear stress: clearly show that two different
shear rates can result in the same stress.

Powell and Middleman (1968) examined the transient
thermal response of the bob in Couette flow. The bob is
assumed to be hollow and of finite mass and thermal ca-
pacity. They include the effects of viscous heating but
assume that the viscosity is constant. Their results show
when the shear rate-shear stress data should be taken so
that it can be temperature corrected using either the iso-
thermal or the adiabati¢ boundary condition on the tem-
perature field.

The work of Gavis and Laurence (1968a, b) on the
Couette flows of both Newtonian and power-law fluids also
show the double-valued shear stress. Gavis and Laurence
present Brinkman number-shear stress curves, as well as
the velocity and temperature profiles for sample values of
the shear stress. These authors investigated both the iso-
thermal and adiabatic boundary conditions. Nihoul (1970)
showed how the procedure used by Gavis and Laurence to
obtain their solutions could be extended to include a tem-
perature dependent thermal conductivity as well as vis-
cosity. He also stated that the velocity and temperature
profiles were unique in the Brinkman number. Fixing this
parameter, one could then determine a single velocity and
temperature profile as well as shear stress.

Sukanek (1971) investigated the Poiseuille flow problem
for power-law fluids and showed how the velocity and
temperature profiles could be expressed uniquely in terms
of the Brinkman number.

Nihoul (1971) examined the same problem and con-
cluded, as Joseph did,: that the portion of the shear stress
curve above the maximum has no physical meaning. This
contention is refuted by Sukanek and Laurence (1972)
who argue that such a conclusion is only possible for pres-
sure-driven rheometers,

The effects of viscous heating in lubrication have been
recently examined by Crook (1961), Dyson (1970), Kan-
nel and Walowit (1970), and Fein (1971). Crook re-
ported the results of experiments which showed that one
frictional traction (shear stress) is obtained at two differ-
ent values of the sliding speed (shear rate). Crook at-
tempted to explain these results on the basis of frictional
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heating. Dyson reported similar experimental results found
by several previous workers. An analysis of the effect of
boundaries of finite thermal resistance was presented by
Fein. Kannel and Walowit proposed a simplified method
of accounting for temperature- and pressure-dependent
viscosity. Their theoretical results are very close to the ex-
perimental curves of Crook.

Gould (1971) has examined the plane Poiseuille flow
problem with pressure- and temperature-dependent vis-
cosity. His analysis of the problem is good, although his
discussion of instability is misleading since his definition of
stability is unclear.

One of the most recent papers on the subject is that of
Lebon and Mathieu (1972), which again treats the plane
Couette flow problem for a non-Newtonian fluid and ex-
ponential viscosity behavior. This work is more an exercise
in irreversible thermodynamics and variational calculus
than an explication of viscous heating phenomena, but its
methods may be useful in the analysis of more complex
flow situations than those discussed in this review.

EXPERIMENTS

Test Fluid

One of the major drawbacks of the fluids used in the
few experiments on viscous heating that have been re-
ported is that their viscosities were too low to obtain suf-
ficiently large Brinkman numbers. The Brinkman number,
as defined in this study, is

2
Br = Biro V (1)
kT,
the parameter,
® = po €Xp {—- ﬁ(T—To)/To} (2)

Since in all the reported experiments the fluids had a
viscosity of less than 20 poise, it would take a velocity of
at least 300 cm/s to produce a Brinkman number of ap-
proximately 10. This is based on a temperature of about
300°K, a B value of 50 (very temperature sensitive) and
a thermal conductivity of 4 X 10* g em/s® (°K), a rea-
sonable value for many liquids.

One relatively easy way of increasing the Brinkman
number, without using exceedingly high velocities, is to
choose a fluid with a high viscosity. The Arochlor® series
of chlorinated biphenyls manufactured by the Monsanto
Company, have all of the desired properties and offer a
wide range of viscosities. One in particular, Arochlor®
1260 (hereafter called simply 1260), is an excellent fluid
to use in the study of viscous heating phenomena. It has a
very high viscosity, is extremely temperature sensitive, and
behaves as a Newtonian fluid over a very broad shear rate
range.

Two samples of 1260, obtained at different times from
the Monsanto Company, were used in this study. The
viscosities were measured on an Epprecht Couette viscom-
eter over a temperature range of 20° to 45°C. A Haake
constant temperature bath was used to set and maintain a
constant wall temperature. Figure 2 is a plot of the vis-
cosity of 1260, in poise, vs. reciprocal absolute tempera-
ture. It shows the extreme temperature sensitivity of the
viscosity. At 20°C, the viscosity is greater than 10° poise
and falls to about 400 poise a 40°C. For every 2°C tem-
perature rise, the viscosity drops by a factor of about 2.
Because of the extreme temperature dependence, Equa-
tion (2) is valid for the 1260 over only about a 10°C
temperature range. The density, heat capacity, and ther-
mal conductivity of the 1260 are:

C, = 0.235 cal/g °C (Monsanto Company)
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Fig. 2. Viscosity of Arochlor 1260R vs. reciprocal absolute temperature.

p =1l6g/cm3

(Monsanto Company)
k =94 X103 gcem/s® (°K)

(Kruse, 1972)
These values vary only slightly with temperature.

Plane Couette Flow

The first flow situation in which the maximum shear
stress has been measured is plane Couette flow. The High
Shear Couette Viscometer described by Manrique and
Porter (1972) was used in this study. Several inner cylin-
ders are available giving gaps between the two cylinders
from 5 X 107% cm to 1.27 X 102 cm. Shear rates above
108 s—! can be obtained. Because of the very small gaps,
the flow closely approximates plane Couette flow.

The system is similar in design and layout to that de-
scribed by Barber, Muenger, and Villforth (1955). The
details of the experimental device may be found in Man-
rique (1972). The outer cylinder and retaining cup as-
sembly is mounted on ball bearings. The shear force is
measured by the torque required to restrain this assembly
from rotating. The test material is supplied through a
groove around the circumference of the other cylinder.
Thermocouple wells in the outer cylinder permit the tem-
perature profile in the cylinder to be measured. The fluid
temperature at the wall of the outer cylinder can be found
by extrapolation. A 1 hp. electric motor with a variable
speed controller drives the inner cylinder through a long
flexible drive rod. The outer cylinder is surrounded by a
constant temperature bath and so may be assumed iso-
thermal. There is no accurate way to thermostat the inner
cylinder. However, because it is hollow, it might be as-
sumed to act as an adiabatic boundary.
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Gavis and Laurence (1968a) present their solutions in
terms of a double-valued constant. However, for plane
Couette flow, the solution can be given explicitly in terms
of the Brinkman number. The relation between the dimen-
sionless shear stress A and the Brinkman number is, for an
adiabatic inner wall and isothermal outer wall

4 Br1/2
)\=2+Br [sinh‘1 5 ] (3)
The definition of A is
N (4)
pokTo
The widest gap, 1.27 X 10~2 cm, was used in the present

study.

From Equation (3), the maximum value of A is ap-
proximately 0.88 and occurs at Br = 4.55. The Br vs. A
curve from Equation (3) is shown by the solid line of
Figure 3.

Samples of the 1260 were run on the high shear viscom-
eter in an attempt to measure this double-valued shear
stress. The characteristic velocity used in the definition
of the Brinkman number is, in this case:

V=R (5)

The 1260 was heated with a hot air gun and poured into
a syringe which was connected to the groove in the interior
of the outer cylinder. With the inner cylinder positioned,
the 1260 was forced into the gap by applying pressure to
the syringe plunger. The temperature was maintained with
a silicon oil constant temperature bath. When the outer
wall came to thermal equilibrium as indicated by constant
temperature readings from the thermocouples, the inner
cylinder was placed in motion at a constant rotational
speed. The torque reading started at a high value, and as
the temperature profile in the fluid developed, it de-
creased. The steady torque value was recorded and a new
rotational speed selected.

A complete listing of the data can be found in Sukanek
(1972). The experimental data are plotted in Figure 3.

The measured data do not agree with the theory. In all
cases, the experimentally determined shear stress falls well
below the theoretical value for a Newtonian fluid in plane
Couette flow with an isothermal outer wall and an adi-
abatic inner wall. However, the data clearly show the
shear stress to be double-valued in the Brinkman number.
The experimental Brinkman number at the maximum shear
stress is approximately 8.7, very close to the predicted
value.

Although the experimentally determined values of
are much lower than those predicted theoretically, it
should be remembered that )\ is defined in terms of the
square of the shear stress. A small error in 7, will produce
a large error in A

Several explanations can be offered for the discrepancy
between theory and experiment. Although the connecting
tubing between the syringe and the outer cylinder and in-
terior of the apparatus was heated with a hot air gun
during the gap-filling operation, it is possible that some
regions of the interior were not heated sufficiently. If this
were true the 1260, because of its extremely high viscosity
at low temperatures, would not completely fill the gap
between the two cylinders. A partially filled gap would
result in shear stresses lower than anticipated.

Another explanation for the low shear stresses is based
on the self-centering nature of the inner cylinder. At the
high viscosity and shear stresses used in these experiments,
the inner cylinder might not be properly centered. Pinkus
and Sternlicht (1961, pp. 41-48) have performed an ap-
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proximate analysis of flow in a journal bearing, which is
the same as Couette flow between eccentric cylinders. The
ratio of the torque on the outer cylinder for eccentric
cylinders T to that for cdncentric cylinders T, is

T  2(1— )
T, 2+ &

Equation (6) shows that the torque measured at the outer
cylinder is always less for eccentric cylinder than for con-
centric ones. An eccentric inner cylinder would not only
lIower the torque but would also affect the heat generation
and produce temperature variations around the cylinder.

It was noted above that, because of the extreme tem-
perature sensitivity of the viscosity of 1260, Equation (2)
is strictly valid over only a 10°C temperature range. Figure
4 is a plot of the theoretical maximum temperature rise vs.
Brinkman number in plane Couette flow when the inner
wall is adiabatic. As seen in Figure 3, the highest Brink-
man number attained in this study was less than 20. This
gives a temperature rise: of about 9°C. No serious errors
were introduced into the analysis by assuming 8 to be
constant for each experimental run.

(6)

Circular Couette Flow

The viscous heating experiments in circular Couette
flow were performed on an Epprecht Couette viscometer.
A series of cups and bobs are provided with the instru-
ment. The particular measuring system that is chosen de-
pends on the approximate viscosity of the fluid. Measuring
system MS-E was used in the experiments reported here.

The test fluid is placed in the cup, and the bob, a small
cylinder with conically tapered ends, is inserted and at-
tached to the body of the viscometer. An electric motor
rotates the bob at one of 15 possible rotational speeds. The
torque acting on the bobi is measured by the deflection of
a lever-arm. The torque reading is converted to a shear
stress by an appropriate conversion factor depending on
the geometry of the system and the mechanics of the tor-
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Fig. 3. Br vs. A in plane Couette flow. Theoretical curve and experi-
mental values.
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que measuring system.

The outer cylinder could be held at a constant tempera-
ture using the Haake constant temperature bath. The bob
was first assumed to act as an adiabatic boundary. For cir-
cular flow with these boundary conditions, a relationship
similar to Equation (3) can be developed from the work
of Gavis and Laurence (1968a). Because of the circular
geometry, it is not as simple as Equation (3)

2
Br = -(;;T (a2 — 1)sinh?(a In «)

o = gA/2 (7
_ [acosh(aln «) + sioh (« In «) 12
- (a2 — 1)a

The Brinkman number is defined as before, Equation (1).
The shear stress parameter A is given by

\ = .3 R2i102
T pkTo

(8)

The quantities o and ¢ may be viewed simply as param-
eters, and « is the ratio of the radii of the outer to inner
cylinders. In the present experiments, the value of « was
3.755.

Figure 5 shows the viscosity-shear rate behavior of
1260 on the Epprecht viscometer. The dashed lines, for
three different temperatures, show the fluid to be New-
tonian. These data were taken before the temperature
profile could develop, and so represent the true shear de-
pendence.

The solid lines of Figure 5 are the apparent viscosity-
shear rate data taken after the temperature profiles were
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fully developed. When this thermal equilibrium was
achieved, the shear stress was constant in time. The ap-
parent highly non-Newtonian behavior indicated by these
curves is due solely to viscous dissipation.

The data are plotted in the form Br vs. A in Figure 6.
These clearly show that above a certain critical Brinkman
number, the shear stress decreases with increasing shear
rate. As in the plane flow case, the observed data do not
fall on the theoretical curve for an adiabatic inner wall.
This behavior, however, can be readily explained.

The bob of the Epprecht viscometer is solid and small in
size. There is no insulation of any kind on the rod con-
necting the bob to the motor. Therefore, it is likely that
all the heat generated in the fluid cannot accumulate in
the bob; it must be conducted away, up the connecting
shaft. The inner boundary is neither adiabatic, nor iso-
thermal. This contention is supported by the location of
the experimental data. They fall between the theoretical
curves for the adiabatic and isothermal boundary condi-
tions.

A theoretical investigation of this problem was pre-
sented by Sukanek (1972). The appropriate boundary
condition on the temperature field at the bob is, in dimen-
sionless form:

de
—J;—‘-Nu0=Nu0*’ (9)

The notation df/dn denotes the component of the tem-
perature gradient normal to the surface. Two adjustable
parameters, Nu and #°, are introduced. Nu is a Nusselt
number, a measure of how much of the heat transferred
to the bob is conducted away. When Nu = 0, no heat
leaves the bob; it is adiabatic. When Nu = o, all the heat
is conducted away, and the bob stays at a constant tem-

10

I

31.95°C

A - 0-0-0-—0—-0-—-

33.90°C

—e g e e

103 |—
r 39.90°C
L -o—0~0 S 0—9—g —
10? Lol ol
100 10! 102
¥ (sec™!)
Fig. 5. Viscosity vs. shear rate data for Arochior 1260R. ,
apparent viscosity; - - - -, actual viscosity. The temperatures are:

O, 25.05°C; O, 27.65°C; [, 30.05°C; A, 35.05°C; e actual
viscosity data.
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Fig. 6. Br vs. L in circular Couette flow. Theoretical curves and

experimental values. K — 3.755. The temperatures are: (O, 298.2°K;

O, 300.8°K; (p, 300.95°K; @, 301.35°K; @, 301.75°K; [,
303.15°K; A, 308.0°K.

perature. In this case, the temperature #° is the dimen-
sionless bob temperature.

The analysis of Sukanek (1972) predicts the curve
shown in Figure 6 for a Nusselt number of unity and a
6% of 0. This curve fits the data exceptionally well. The
small deviations of the experimental points from this
curve might be due to small variations in §*.

Figure 7 is a plot of the theoretical temperature rise
for the adiabatic wall vs. the Brinkman number. The com-
pletely adiabatic inner wall will give the largest tempera-
ture rise and so will present the strongest test for the ap-
plicability of Equation (2). The largest temperature rise
in these experiments predicted in this manner is less than
12°C. Therefore, the assumption that 8 is a constant for
each of the test temperatures is valid.

Cylindrical Poiseuille Flow

It is generally accepted that in Couette flows for a given
shear stress two flows are possible. This has been shown
experimentally in the previous two sections. However,
there is some controversy over the Poiseuille flow problem.
Whereas Nihoul (1971) contends that the upper branch
of the shear stress curve is physically meaningless, Sukanek
and Laurence (1972) maintain that the results should
depend upon the experimental system. A pressure-driven
capillary, for example, would produce only the lower half
of the curve. An instrument in which the average velocity
can be fixed should produce the entire curve.

AIChE Journal (Vol. 20, No. 3)
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Fig. 7. Theoretical maximum temperature rise in circular Couette
flow. Inner wall abiabatic. K = 3.755. § = B8 (T — T,)/To.

In this section, experiments performed with the 1260 on
a Instron capillary rheometer will be discussed. Unlike the
pressure-driven instruments of Gerrard and Philippoff and
Gerrard, Steidler, and Appeldorn, the Instron forces the
fluid through the capillary at a constant, pre-set, average
velocity.

Two capillaries were used, both with an L/D of ap-
proximately 100. Capillary number 1 had a diameter of
0.07665 cm; capillary number 2, 0.0508 cm.

The results of the Instron experiments are shown in
Figures 8 and 9, where the apparent viscosity is plotted
against the wall shear rate. It can be seen that another
factor, not taken into account by the viscous heating analy-
sis of Sukanek and Laurence, is important. The viscosity of
1260 is pressure- as well as temperature-dependent. No
data, however, are currently available to show the quanti-
tative dependence of the viscosity of Arochlor 1260 on
pressure.

This pressure-dependence of viscosity has been ex-
amined by Penwell and Porter (1969) and Penwell, Por-
ter, and Middleman (1971) for polystyrene. The results of
these investigations also showed that as the shear rate
increased so did the apparent viscosity. Penwell and Porter
ascribe this phenomenon to a decrease in the free volume
which causes a shift in the glass transition temperature.
The shift in T, can then account for the increase in ap-
parent viscosity.

Figures 8 and 9 show that the capillary diameter has a
strong effect on the apparent viscosity, especially at the
lower test temperatures. At low shear rates, where the

AIChE lJournal (Vol. 20, No. 3)

pressure-dependence is important, the smaller capillary
showed a much lower apparent viscosity.

As the shear rate increase, viscous dissipation becomes
more and more important. At low wall temperatures, the
fluid is so pressure-sensitive that even moderately high
shear rates cannot be reached. As the wall temperature
increases, the pressure dependence softens. At these wall
temperatures a shear rate can be reached where the heat

|o3€

/qup
(P)

¥ (sec")

Fig. 8. Apparent viscosity vs. shear rate data for Arochlor 1260R

in capillary flow. Low temperatures. , capillary no. 1; --- -,

capillary no. 2. The temperatures are: (O, 33.5°C; [, 36.5°C; A,
38.5°C; V, 39.5°C. Symbols with | refer to capillary no. 2.

LI DR L

T

¥ (sec™))

Fig. 9. Apparent viscosity vs. shear rate dato for Arochlor 1260R

in capillary flow. High temperatures. , capillary no. 1; - - - -,
capillary no. 2. The temperatures are: @, 41.5°C; A, 43.5°C; ¢,
48.5°C. Symbols with | refer to capillary no. 2.
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generated in the fluid more than compensates for the vis-
cosity rise due to pressure. The apparent viscosity then
begins to decrease.

At these higher shear rates, where viscous heating is
predominant, the smaller capillary gives a somewhat
higher apparent viscosity. It is relatively easy to show that
this type of diameter dependence is predicted by the vis-
cous heating theory of Sukanek and Laurence (1972)%.

The Brinkman number-shear stress data for the capil-
lary experiments are shown in Figure 10. The Brinkman
number is defined in terms of the average velocity through
the capillary. The shear stress parameter A is defined as

BR% 7,2
s kTo

where R is the capillary radius.

The data, despite their variability, do show a definite
trend. There is definitely a limiting shear stress, A = 70.
However, the data do not show the predicted double-
valued behavior clearly. At only two temperatures, 41.5°C
and 48.5°C, did the highest Brinkman number point fall
at a h below the previous one.

The scatter in the data can be accounted for in at least
two ways. First, in making a plot such as Figure 10, no
account is taken of the pressure dependence. Introducing
another temperature-dependent parameter characteristic of
the pressure variation of viscosity would probably bring
the points for the different temperatures closer together.

A second reason for variations in the data of Figure 10
for the different temperatures is that it is quite possible
that the thermal boundary conditions are different for each
test temperature. The isothermal wall boundary condition
is probably not a good thermal approximation of the In-
stron wall. As Gerrard and Philippoff (1965) and Gerrard,
Steidler, and Appledorn (1966) found in their investiga-
tions of capillary flow, there is no doubt a temperature
profile in the rheometer wall. The Instron wall is kept at
constant temperature by supplying a heat flux to the wall
at a specified rate and time as prescribed by a tempera-
ture controller. For each test temperature, this rate and
time would be different. A boundary condition similar to
Equation (9) is necessary to describe the system, but with
a different value of Nu for each test temperature. This
would give a different theoretical curve for each tempera-
ture.

Brinkman numbers higher than those shown in Figure
10 could not be attained for several reasons. At the Jow
temperatures, the pressure effect was too great to reach
high shear rates. At the highest temperatures, the viscosity
was too low. At intermediate temperatures, when the flow
rate through the capillary was increased beyond the high-

A= (10)

© The dimensionless pressure drop P of Sukanek and Laurence (1972)
is defined as

17D 87T
P= == (A1)
wV v o
In terms of the Brinkman number, this is found to be
16
P= (A2)
2 + Br
Combining (A1) and (A2) and rearranging
Tw/'Y. Happ 2
== (A3)
o o 2 + Br

The Brinkman number is independent of the diameter, while 'y depends
on D-1, Therefore, for a given v, the average velocity, and hence Br,
increases with increasing D. Since the apparent viscosity depends on

the reciprocal of the Brinkman number, increasing D at a given =
decreases fapp/uo.
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Fig. 10. Br vs. A data for capillary flow. The temperatures are:

O, 33.5°C; [, 365°C; A, 385°C; W, 39.5°C; ©, 40.5°C; e,

41.5°C; W, 43.0°C; A, 43.5°C; A, 455°C; ¢, 48.5°C. Symbols
with | refer to capillary no. 2.

est value reported here, rapid oscillations in the shear
stress resulted. Three examples of the phenomenon are
shown in Figure 11 for temperatures of 36.5°, 38.5°, and
41.5°C. These curves represent the force variations with
time. The abscissa of these curves is the force measure-
ment. The ordinate, actually a chart distance, has been
converted to time. Each run was terminated automatically
when the plunger reached a certain length into the rheom-
eter barrel. While the recorder pen behaved in this man-
ner, the output of the capillary appeared as pulses rather
than in the smooth stream characteristic of the lower
throughputs. As the force increased, a small drop of 1260
appeared to accumulate at the exit. Then, as the force
decreased, the drop fell and a new one began to grow. At
no time, however, did the flow cease entirely. While these
drops grew, the flow rate did appear to slow down con-
siderably.

The cause of this behavior is undetermined. However,
it seems likely that it is due to instability of the flow. A
physical explanation is based on the large temperature
variations in the fluid at high Brinkman numbers. If the
temperature at the capillary center were extremely high, a
small fluctuation in temperature, pressure, or velocity might
cause the fluid at the center to appear to slip past the
cooler, more viscous fluid near the wall. This would result
in a spurt of fluid at the capillary exit, with a correspond-
ing stress decrease. After this spurt left the capillary, the
stress would begin to rise to its previous value, and the
whole process would be repeated.

Table 1 lists the conditions where this apparent insta-
bility was observed.
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Fig. 11. Force vs. time behavior from Instron recorder during un-

stable flow. Capillary no. 1. (Note: Only the outline of the trace

is shown here): A:T, = 36.5°C, V, == 10 cm/min; B:T, = 41.5°C,
V. = 20 cm/min; C:T, = 38.5°C, V; = 2 cm/min.

Conclusions Concerning Experimental Rheology

The effect of viscous heating on the stress measurements
of fluids in simple shear has been studied theoretically for
about 45 years. However, little experimental work has
been done on this problem. No one has ever attempted to
verify in the laboratory the predicted double-valued shear
stress until now.

In the Couette instruments, which operate under atmo-
spheric pressure, the measurement of the stress decrease
at high Brinkman numbers has been accomplished. The
results show that the amount of dissipated heat which
remains in the fluid, and, hence, the Brinkman number-
shear stress behavior, is a strong function of the boundary
conditions.

This has important consequences in viscometry. Rheolo-
gists have long known that viscous heating effects must
be accounted for in order to accurately determine the vis-
cosity of high molecular weight liquids. The present work
clearly shows this. Taken at face value, the apparent vis-
cosity-shear rate curves of Figure 5 show the 1260 to be
extremely shear thinning. However, in reality, it is New-
tonian.

Results of this kind are common in investigations of
viscous dissipation. More significantly, the present study
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TasLe 1. CoNDrTiONs FOR OBSERVED UNSTABLE FLow

Cap. diam., To, V.®, AF®®,
in. °C cm/min kgy
0.03018 38.5 5 230-710
41.5 20 220-260
36.5 1 500-900
39.5 10 220-530
0.020 38.5 2 300-540
39.5 1 390-710
41.5 10 262-350
43.5 20 220-255

® V. is the speed of the Instron crosshead.
@9 AF is the approximate range of the force variations.

show the importance of accurately determining the thermal
behavior of the viscometer boundaries. Before any viscous
heating correction can be applied to experimental data,
the extent to which the walls of the instrument depart from
truly adiabatic or isothermal behavior must be found. A
fluid such as Arochlor® 1260, whose viscosity is extremely
temperature sensitive, would be of great value in such a
determination.

NOTATION

Br = Brinkman number

c = mean gap thickness between eccentric cylinders
Cp, = heat capacity

D = diameter

e = distance between centers of eccentric cylinders
h = gap thickness

k= thermal conductivity

Nu = Nusselt number

P = dimensionless pressure dro

g = shear parameter defined by Equation (2.7)
R = radius

Ri = radius of inner cylinder

T = temperature

Ty = reference temperature

T, = glass transition temperature

V= characteristic velocity

Greek Letters

a = stress parameter defined by Equation (2.7)
B = viscosity-temperature coeflicient

¥ = apparent shear rate

€ = eccentricity, e/c

K = ratio of outer to inner diameter

A = dimensionless shear stress

p = viscosity

po = viscosity at temperature Tg

Kapp = apparent viscosity

p = density

7o = wall shear stress

T = torque on outer eccentric cylinder

T, = torque on outer concentric cylinder

0 = dimensionless temperature

6* = dimensionless surface temperature

Q; = angular velocity

LITERATURE CITED

Aslanov, 8. K., “Account for heat transfer and viscosity-tem-
perature dependence in the problem of flow between two
rotating concentric cylinders,” Inzh. Fiz. Zh. Nauk. Belorussk,
SSR, 6, 8 (1963).

Ball, W. E., and R. E. Colwell, “Limiting pressure gradients in

May, 1974  Page 483



the flow of viscous fluids,” paper presented at 43rd national
meeting of AIChE, New York (1960).

Barber, E. M., ]J. R. Muenger and F. J. Villiforth, Jr.,
“A high rate of shear viscometer,” Anal. Chem., 27, 425
(1955).

Bird, R. B. “Viscous Heat Effects in Extrusion of Molten Plas-
tics,” SPE J., 11, 35 (1955).

., and R. M. Turian, “Viscous heating effects in a cone
and plate viscometer,” Chem. Eng. Sci., 17, 331 (1955).

Bolen, W. R., and R. E. Colwell, “Intensive mixing,” SPE
Tech. Papers, 4, 1004 (1958).

Bostandzhyan, S. A., A. G. Merzhanov, and S. I. Khudyaev,
“Some problems of nonisothermal steady flow of a viscous
fluid,” J. Appl. Mech. Tech. Phys., 1, 45 (1965).

Bratt, D., “Molecular behavior in lubricating oils,” unpub-
lished paper (1927); reported by Duncan (1935).

Brinkman, H. C., “Heat Effects in Capillary Flow,” Appl. Sci.
Res., A2, 120 (1951).

Brodynan, J. G., “A critical evaluation of the effect of thermal
feedback in liquid flow,” Trans. Soc. Rheol., 10, 593 (1966).

Copple, C., D. R. Hartree, A. Porter, and H. Tyson, “The eval-
uation of transient temperature distributions in a dielectric in
an alternating field,” Inst. Elect. Engrs., 85, 56 (1939).

Crook, A. W., “The lubrication of roller bearings, Part III,”
Phil. Trans. Roy. Soc., A254, 237 (1961).

Duncan, J. A., “Heat effects in lubricating films,” Mech. Eng.,
56, 120 (1934).

Dyson, A., “Frictional traction and lubricant rheology in elasto-
hydrodynamic lubrication,” Phil. Trans. Roy. Soc., A266, 1
(1970).

Fein, R. S., “Friction effects resulting from thermal resistance
of solid boundary lubricant films,” Lub. Eng., 27, 190
(1971).

Gavis, J., and R. L. Laurence, “Viscous heating in plane and
circular flow between moving surfaces,” Ind. Eng. Chem.
Fundamentals, 7, 232 (1968a).

———————., “Viscous heating of a power-law liquid in
plane flow, ibid., 7, 525 (1968b).

Gee, R. E,, and J. B. Lyon, “Nonisothermal flow of viscous
non-Newtonian fluids,” Ind. Eng. Chem., 49, 956 (1957).

Gerrard, J. E., and W. Phih'ppoff% “Viscous heating and capil-
lary flow,” Proc. Fourth Intern. Congr., Rheol., 2, 77 (1965).

., F. E. Stiedler, and ]. K. Appeldorn, “Viscous heating
in capillaries: the adiabatic case,” Ind. Eng. Chem. Funda-
mentals, 4, 332 (1965).

————————., “Viscous heating in capillaries: the isothermal
wall case,” ibid., 5, 260 (1966).

Gorazdovskii, T. Ya., and S. A. Regirer, “Motion of a New-
tonian liquid between rotating coaxial cylinders in the pres-
ence of thermal processes aftecting the viscous properties,”
Soviet Phys. Tech. Phys., 1, 1493 (1956).

Gould, P., “Flow instability induced by viscosity variation in
high pressure two-dimensional laminar flow between flat
plates,” J. Lub. Tech., 93, 465 (1971).

Gruntfest, I. J., “Thermal feedback in liquid flow; plane shear
at constant stress,” Trans. Soc. Rheol., 7, 195 (1963).

., “Apparent departures from Newtonian behavior in

liquids caused by viscous heating,” ibid., 9, 425 (1965a).

. Thermistor analogs for model viscoelastic systems,

ibid., 9, 213 (1965b).

.» and 8. J. Becker, “Thermal effects in model viscoelas-
tic solids,” ibid., 9, 103 (1965).

Gruntfest, 1. J., J. P. Young and N. L. Johnson, “Temperatures
generated by the flow of liquids in pipes,” J. Appl. Phys., 35,
18 (1964).

Hagg, A. C., “Heat effects in lubricating films,” J. Appl. Mech.,
11, A72 (1944).

Hausenblas, H., “Die nichtisotherme laminare Stromung einer
zahen Flussigkeit durch enge Spalte und kapillarrohren,”
Ing.-Arch., 18, 151 (1950).

Hersey, M. D., “Note on heat effects in capillary flow,” Physics,
7,403 (1936).

. and J. C. Zimmer, “Heat effects in capillary flow at
high rates of shear,” J. Appl. Phys., 8, 359 (1937).

Ibragimov, F. M., “Heat transfer in motion of a viscoplastic
fluid between two rotating cylinders,” Soviet Eng. J., 5, 768
(1965).

Jones, H. C, and E. G. Snyder, “Banbury mixing of zinc

Page 484 May, 1974

oxide,” Ind. Eng. Chem., 43, 2602 (1951).

Joseph, D. D., “Variable viscosity effects on the flow and
stability of flow in channels and pipes,” Phys. Fluids, 7, 1761
(1964).

., “Stability of frictionally heated flow,” ibid., 8, 2195
(1965).

Kaganov, S. A, “Establishing laminar flow for an incompressible
liquid in a horizontal channel and a curved cylindrical tube
with corrections for frictional heating and the temperature
dependence of viscosity,” Intern. Chem. Eng., 3, 33 (1963).

Kannel, J. W., and ]. A. Walowit, “Simplified analysis for
traction between rolling-sliding elastohydrodynamic con-
tacts,” Trans. ASME, ]J. Lub. Tech. Paper No. 70-LubS-13
(1970).

Kearsley, E. A., “The viscous heating correction for viscometer
flows,” Trans. Soc. Rheol., 6, 253 (1962).

Kingsbury, A., “Heat effects in lubricating films,” Mech. Eng.,
55, 685 (1933).

Kruse, R. L., personal communication, Monsanto Co. (1972).

Lebon, G., and P. Mathieu, “Plane Couette flow of an incom-
pressible non-Newtonian fluid with temperature dependent
viscosity,” J. Eng. Math., 6, 1 (1972).

Manrique, L., M.S. thesis, Univ. Massachusetts, Amherst
(1972).

., and R. S. Porter, “An Improved High Shear Couette
Viscometer,” Polymer Preprints, 13, 2, 992 (1972).

Martin, B., “Some analytical solutions for viscometric flows of
a power-law fluid with heat generation and temperature de-
pendent viscosity,” Intern. J. Non-Linear Mech., 2, 285
(1967).

Monsanto Company, The Arochlor® Polychlorinated Poly-
phenyls Tech. Bull.,, O-FF/1.

McKelvey, J. M., Polymer Processing, Wiley, New York (1962).

Nihoul, J. C. J., “Nonlinear Couette flows with temperature-
dependent viscosities,” Phys. Fluids, 13, 203 (1970).

., “Nonlinear channel flows with temperature-dependent
viscosity,” Ann. Soc. Sci. Brux, 85, 18 (1971).

Penwell, R. C., and R. S. Porter, “Viscosity of polystyrene near
the glass transition,” J. Appl. Polym. Sci., 13, 2427 (1969).
————————., and S. Middleman, “Determination of the pres-
sure coefficient and pressure effects in capillary flow,” J.

Polym. Sci., A-2 9, 731 (1971).

Pinkus, O., and B. Sternlicht, Theory of Hydrodynamic Lu-
brication, McGraw-Hill, New York (1961).

Powell, R. L., and S. Middleman, “Transient thermal response
of plane Couette flow with viscous heat generation—effect of
a solid conducting boundary, Int. J. Eng. Sci., 6, 49 (1968).

Regirer, S. A., “The influence of thermal effects on the viscous
resistance of a steady uniform flow of liquid,” Priklad. Math.
Mekh., 22, 580 (1958).

Sukanek, P. C., Poiseuille flow of a power-law fluid with vis-
cous heating,” Chem. Eng. Sci., 26, 1775 (1971).

., “Problems in the flow of fluids with viscous dissipa-

tion,” Ph.D. thesis, Univ. Massachusetts, Amherst ( 1972).

.» and R. L. Laurence, “The uniqueness of Poiseuille
flow with viscous heating,” Ann. Soc. Sci. Brux., 20, (1972),

Toor, H. L., “The energy equation for viscous flow: effect of
?xpansion on temperature profiles,” Ind. Eng. Chem., 48, 922

1956).

. “Heat generation and conduction in the flow of a
viscous compressible liquid,” Trans. Soc. Rheol., 1, 177
(1957).

Turian, R. M., “Viscous heating in the cone and plate viscom-
eter, III, Non-Newtonian fluids with temperature dependent
viscosity and thermal conductivity,” Chem. Eng. Sci., 20, 771
(1965).

., “The critical stress in frictionally heated non-New-

tonian plane Couette flow,” ibid., 24, 1581 (1969).

. and R. B. Bird, “Viscous heating in the cone and
plate viscometer, II, Newtonian fluids with temperature de-
pendent viscosity and thermal conductivity,” ibid., 18, 689
(1963).

Weltmann, R. N., and P. W. Kuhns, “Effect of shear heating on
viscosity in a rotational viscometer measurement,” J. Coll.
Sci., 7, 218 (1952).

Manuscript received August 27, 1973; revision received and accepted
February 6, 1974.

AIChE Journal (Vol. 20, No. 3)



